Robust and Reliable Transfer of a Quantum State Through a Spin Chain 
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We present several protocols for reliable quantum state transfer through a spin chain. We use a 
simple two-spin encoding to achieve a remarkably high fidelity transfer for an arbitrary quantum 
state. The fidelity of the transfer also decreases very slowly with increasing chain length. We find 
that we can also increase the reliability by taking advantage of a local memory and/or confirm 
transfer using a second spin-chain. 
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I. INTRODUCTION 

One of (Di Vincenzo's) seven requirements of a quan- 
tum computer is the transmission of flying qubits, mean- 
ing, we must be able to transmit information between 
components of a quantum computing device. In the in- 
terior of a such a device, where short-distance communi- 
cation is required, a spin chain is a promising candidate 
for the transfer of information. 

Reliable transfer through a spin chain has been stud- 
ied extensively since the original proposal by Bose [H- 
In that proposal, a spin state at one end of the chain is 
allowed to evolve freely under constant couplings until 
it arrives after some time at the other end of the chain. 
Such a system is simple and does not require couplings to 
be precisely tuned or to be switched on and off. This is 
desirable for experimental considerations where control- 
lability can be a definite problem. 

It is indeed somewhat surprising that a spin state can 
be reliably transferred through a chain. However, it cer- 
tainly can be done when particular conditions are met. 
For example, with finely-tuned, yet fixed couplingSja va- 
riety of networks will allow for perfect transfer 0, Q. 
There are also methods using two chains which allow for 
perfect transfer [1, [^. In this case the perfect transfer 
is conditioned on the outcome of two measurements, one 
from each chain. Other methods require a wave packet 
to be constructed at the beginning of the chain so that 
the state can be transferred reliably [1, 0| • 

In each of these scenarios, the state is transferred us- 
ing an always-on Heisenberg exchange interaction with 
nearest- neighbor interactions between the spins. The 
Heisenberg exchange interaction is readily available in 
many different experimental systems. Thus its use is 
well-motivated. However, its experimental viability is im- 
portant for another reason-it enables universal quantum 
computation on decoherence-free subspaces and noiseless 
subsystems without the need for individual control over 
physical qubits. (See [1| and references therein.) There 
are several documented instances of this. One promising 
proposal uses two spins, or qubits, to encode one logical 
qubit Q. However, it is also known to be universal for 
DFS/NSs using three or four physical qubits to encode 



one logical qubit. In our case, the universality condition, 
prompted the following question, "Can a decoherence- 
free, or noiseless, encoding be used to enable the reliable 
propagation of a spin state through a spin chain." In this 
article, we answer this question and show that a partic- 
ular state can be used to reliably transfer quantum in- 
formation over long distances through a spin chain. Our 
proposal uses encoded states which provide reliable state 
transfer over relatively long distances through an unmod- 
ulated spin chain. This makes our proposal a prime can- 
didate for use in experimental systems where this sort 
of state transfer is required. Namely within a solid-state 
quantum computing device. 



II. THE HAMILTONIAN AND THE 
CALCULATION OF THE FIDELITY 

The Hamiltonian of a one dimension anisotropic 
Heisenberg XY model can be described by 
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where J is the exchange constant for the xy components, 
Jz is the exchange constant for the z component, and h is 
external magnetic field along z direction. The cr^'^'^ are 
the Pauli operators acting on the spin. We will use a 
ferromagnetic coupling and take J = 1.0 throughout this 
paper. Furthermore, we consider only nearest-neighbor 
interactions and an open ended chain which is the most 
natural and practical geometry for this system. 

Note that for this Hamiltonian, the z-component of 
the total spin, cr^ = ^ erf, is a conserved quantity, which 
indicates that the system contains a fixed number of 
magnon excitations. When there is only one magnon 
excitation, the time evolution of the initial state is not 
affected by the cr^ — tr^ interaction, whereas for the two- 
magnon excitations it is. This can be quite compli- 
cated jlC| due to the magnon interactions arising from 
a nonzero J^. For these reasons, we let J ^ Jz- 

The Hamiltonian can be diagonalized by means of the 
Jordan- Wigner transformation that maps spins to one- 
dimensional spinless fermions with creation operator de- 
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where cr'^ 



denotes the spin raising operator at site I. The action of 
cj is to flip the spin at site I from down to up and c/ , c}^ 
satisfy the anticommutation relations {c/,cj„} = Sim- 
The creation operator evolves as [ll| 
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where N is the number of spins, 
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and g„ = nm/{N + 1). Eq. (P) 
indicates that the excitation which, initially created in 
site j, is generally distributed over all the sites. At time t, 
the probability of the excitation being at site I is \fj,i{t)\^ 
with the normalization condition X]il=i = 1- 

When the number of magnon excitations is more than 
one, the time evolution of the creation operators is given 

by 111 
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where M is the number of the excitations. The row 
{jii j2, JA/} denotes the sites where the excitations are 
created and {li,l2, ■■■,hi} {h < h < ■■■ < hi) denotes 
an ordered set of AI different indices from {1,2, ...,N}. 
For the states presented here, M < 2. 

Our procedure is as follows. First we cool the system 
to the ferromagnetic ground state |0), where all spins are 
down. Then we encode the state \ip{0)) = a \0l) + (3\1l) 
at one end of the chain. The initial state of the whole 
system is then |$(0)) = (alOi) + ® |0>. Note 

that we are using to denote a logical basis state, 
emphasizing that our physical spins are encoded into a 
logical qubit. 



III. DFS ENCODINGS 

We will consider several different encodings with the 
potential for reliable information transfer and will pro- 
vide the best overall solution at the end of our analysis. 
In each case we are motivated to consider a state encoded 
in a DFS given the universality properties of the states 
with respect to the Heisenberg exchange interaction. We 
will consider two, three, and four-qubit DFSs which en- 
code one logical qubit using a subsystem of three or four 
physical qubits, respectively. 

The two-qubit encoding uses |0l) = |01) and = 
|10). For three-qubit encoding 13], |0l) = ao(|010) - 



|100))/y2-f /3o(|011) - |101))/y2, |1l) - ai(2|001)- 
|010)-|100))/\/6-h/3i(-2|110)-h|011)-l-|101))/V^. The 
notation ao, /So means that the arbitrary superposition of 
the state (|010) - |100))/V2 and state (|011> - |101))/y2 
does not change the state |0l) and ai,/3i has the same 
meaning. For the four-qubit encoding [ij], |0l) = 
(10101) + |1G1G) - 10110) - |1001))/2, |U) = (2 |0011) + 
2 |1100) - 10110) - |1001) - 10101) - |1010))/VT2. The 
three-qubit and four-qubit DFSs protect a single logical 
qubit from collective errors of any type (bit-flip, phase- 
flip or both) with the three-qubit encoding being the 
most eflncient pl.[T3|. 

The fidelity between th e received state an d ideal state 
\ip{0)) is defined by F = (tp{0)\ p{t) |(p(0)), where p{t) is 
the reduced density matrix at the receiving end. (We let 
our ideal final state be represented by the same vector as 
our initial state although it is actually at the end, rather 
than the beginning, of the chain.) 

For example, for the two-qubit encoding, the fidelity 
at sites iV - l,iV is F = |a*Ajv + P*An-i\ where Ai = 
Pfi,i+af2,i- Similarly we can calculate the fidelity for the 
three- and four-qubit encodings, although the expressions 
are understandably much more complicated. 

From the initial state, |$(0)), the system undergoes 
the time evolution given by Eqs. ((T])- ([3]). The trans- 
mission amplitude fj.i{t) describes the propagation and 
the dispersion characterizes the state transfer. Note also 
that if the initial state involves a fixed excitation num- 
ber, the magnetic field will only produce a global phase 
which will not affect the fidelity. (See, for example, the 
fidelity of the two-spin encoding above.) So for a fixed 
excitation number, we will neglect the effect of magnetic 
field be fixed h = 1.0. 




- 2-qubit 
-3-qubit{1) 

- 3-qubit{2) 

- 4-qubit 



FIG. 1: Length dependence of the maximum fidelity that 
can be obtained when transferring a quantum state (|0l) + 
11l))/V2 from one end of the chain to the other end. 



3 



IV. DFS-ENCODING RESULTS 

In Fig. [1] we compare the maximum fidelity for fog- 
ical state transfer when |$(0)) = (|0l) + |1l))/V2 for 
different logical/encoded states. Throughout this article 
the maximum fidelity is found in the time interval [0,100] 
since the first peak, which is the maximum, is obtained 
in this time interval for < 80. For the 3-qubit en- 
coding, we use 3-qubit(l) and 3-qubit(2) to signify one 
excitation or two excitations in the chain, for example a 
state in 3-qubit (1) has ao = ai = 1. 

For the two-spin encoding with N ~ 4, 5, F^ax ~ 1 
thus near-perfect state transfer can be obtained for these 
values of N. However, for these and almost all other 
logical states using two, three, or four spins, the maxi- 
mum decreases quickly with increasing N. There is one 
exception in the space of the 3-qubit encoding. For a 
particular state, the fidelity decreases very slowly with 
increasing N. We will explore this particular case, which 
shows impressive variance in the fidelity in Fig. [l] and 
show how it can be used to reliably transfer an arbitrary 
qubit state through the chain. 




FIG. 2: The maximum fidelity as a function of A'' and 6. 
= 0. The results are for the time interval [0, 100]. 



V. THREE QUBITS 

It turns out that two excitations in the chain do not 
allow for reliable transfer. So we will consider the 3- 
qubit(l) DFS. In Fig. [2] we plot the maximal fidelity, 
-Fmax, as a function of N and 6 when = and 
t S [0,100] for an arbitrary initial state cos(|) ]0l) + 
sin(|)e"^ jli)- For N from 6 to 50, a maximum is 
achieved at 9 = 27r/3. And surprisingly, Fmax decreases 
very slowly with increasing N for a wide range of 9. 
For example, in the range 9 G [O.Stt, O.Stt], for any site 
N < 50, Fmax > 0.8. So if the state is encoded in this 
range, the fidelity is exceptionally large for a quite long 
chain. In fact, we have found that F ^ 0.7 after travers- 
ing a spin chain of two hundred spins! Therefore, we 
can achieve a very reliable state transfer since the fidelity 



is large and provides a significant robustness to errors in 
the initial encoding, or during transport, since a varia- 
tion in the encoded state does not significantly affect the 
long distance trend in the fidelity. It still decreases very 
slowly over long distances. We next show how to take 
advantage of this remarkable state. 




FIG. 3: The time evolution of the fidelity at various sites i for 
a long chain {N—4S). We use the fidelity at sites i to denote 
that we receive the state at sites i — 2,i — l,i. The initial state 
is 1/^[|001) - jlOO)] (g) |0). 



VI. EFFICIENT ENCODING FOR ENCODED 
QUBITS 

When (j) = 0,9 = 27r/3 the 3-qubit(l) encoding can 
be written as |*) = ^(jOOl) - JlOO)) = ^(I01)i3 - 

110)13) ® 10)2' ^-^^ ^^^^ third spins are in a sin- 
glet state. In order to show the high-fidelity transfer of 
this state, in Fig. [3] we plot the time evolution of the 
fidelity at every site of a chain of length TV = 48. At 
t = the initial state is encoded at the sites of the 
first and third spins, then it evolves freely under the 
Heisenbcrg Hamiltonian. The time dependence is given 
by mt)) = l/x/2[E,;i,(/3,, - fiM] |0)- At time t, the 
fidelity atthei — 2,z— l,i sites in the interior of the chain 
is F Pi 0.5 implying only partial information is located 
at these sites. However, at the end of the chain {i — 48), 
the fidelity shows a peak (Fi « 0.86, t ~ 25). After this, 
the wave is reflected by the boundary, and starts to prop- 
agate back. This behavior can be interpreted as a wave 
which broadens inside the chain, but when arriving at 
the boundary it becomes narrower which enhances the 
fidelity. Thus we have an end-effect of the chain. From 
Fig. [21 the oscillation of the state between boundaries is 
T « 50 and at time ~ 25 -|- (fc — 1)T, a maximum is 
achieved at the end of the chain = 48, where k de- 
notes the hth peak. For example, at time t — 75, the 
state will travel to the other end once more (the second 
peak F2 « 0.76), but F2 < Fi which shows some reduc- 
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tion of fidelity with each pass, but still relatively high. 

We have shown that the state l/\/2[|001) - |100)] can 
be transferred through the chain with high fidelity even 
when the chain is quite long. For quantum commu- 
nication, we need to transfer an arbitrary state with 
high fidelity. In this case it important to realize that 
an encoding which uses: \0l) = |000) and — 
l/\/2[|001) - |100)] can reliably transfer the state since 
the vacuum state is fixed throughout. Using this en- 
coding we can fully utilize the extremely reliable state 
14-)^ = a |000) + /3/V2[|001) - |100)]. 




— ■—Using our encoding sclieme 

— '—Using one spin encoding 
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FIG. 4: Comparison of the average fidelity that can be ob- 
tained as a function of chain length A'^ for two different encod- 
ing schemes. This has been optimized with respect to time 
and magnetic field. 

In Fig. m we compare two different encoding schemes 
for state transfer, circles for the original single-spin en- 
coding [l| and squares for ours. The average fidelity 

J {(pin\ PN{t) Win) dfl is 
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where Gi ^ ^ [f3,i{t) — fi,i{t)]- The results are max- 
imized over the time interval [0,100] and magnetic field 
h G [0,2]. (Unlike transferring the [1^) state, here the 
magnetic field can be adjusted to enhance the fidelity 
since the phase is now not negligible.) For single-spin 
encoding, Fav decreases relatively quickly with increas- 
ing N. However, using our scheme, Fav decreases very 
slowly with increasing N and Fav is always relatively high 
even in a long chain (N > 80j. For example N Ki 70, 
Fav is still greater than 0.9. 



due to Giovannetti et al. [T^ [T^ and the other is based 
on, but a generalization of, a protocol by Burgarth and 
Bose d. 

In the first protocol we consider, Giovannetti et al. 
[l6j showed that the reliability of the the one-spin 
encoding can be enhanced using a memory. In this pro- 
tocol, the receiver swaps the state at the end of the chain 
to a quantum memory for decoding at a later time. This 
process is repeated for later times, with each swap and 
storage increasing our overall chance of success. Fig. [3] 
shows the variation of the fidelity from which we may in- 
fer the chance of success for our protocol. If we perform 
the swap operation as in Ref. [IB] a.tt = 25, the probabil- 
ity that the 
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1 l) state has been swapped to the first mem- 

2 
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which corresponds to the square of the first peak value at 
TV = 48. Performing additional swap operations at some 
later optimal time will increase our already large proba- 
bility for success, just as it does in the original protocol 
for the single-spin encoding. 

We next provide a protocol which can confirm if a state 
was indeed transferred appropriately, which is a general- 
ization of that presented in Ref. [4;]. We begin with two 
spin chains which are initially decoupled and proceed as 
follows. First the logical state is encoded into the first 
and third site of the first chain. Then a logical X gate 
is performed on spins one and three of the second chain 
conditioned on the logical state of the first chain being 
zero [13] (using the standard ordered basis) . The form of 
the logical X is 
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(From this it is straight-forward to obtain the logical 
CNOT which is also to be performed on spins one and 
three.) The state of the chain is then | ^P) = a |0L)(Xi|lL)-t- 
P \ 'S) \0l) where the first factor for the first chain and 
the second for the second chain. We now let both chains 
evolve freely. After the same amount of time as above, 
we perform a logical CNOT operation to decode the op- 
eration. Performing a measurement on the last three 
spins of the second chain and finding |000) will confirm 
that the state has been reliably sent through the chain. 
This confirmation, along with the very high fidelity of our 
protocol, provides a high probability of reliable transfer, 
along with confirmation. 



VII. PROTOCOLS FOR IMPROVING 
RELIABILITY 

Here we present two protocols for increasing the reli- 
ability of state transfer using our encoded state. One is 



VIII. CONCLUSIONS 

We have presented several results for a decoherence- 
free/noiseless subspace encoded qubit which is trans- 
ferred through an unmodulated spin chain. Although 
many of the encoded states were not more reliable than 
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the single-spin encoding, we have found remarkable re- 
sults. A most striking result is that when the initial 
state is a 3-qubit(l) state, cos(|) |0l) + sin(|)e"^ jl^), 
with near 27r/3 and near zero, is sent through the 
spin chain, the fidelity is incredibly high. Surpassing any 
known result so far. Even out to two hundred spins, the 
fidelity is quite high(« 0.7). For transferring an arbitrary 
state, we have found a very high fidelity based on these 
results. For example, when < 70 the fidelity F > 0.9. 
This is a remarkable result for a simple two-spin encoded 
state and experimentally viable due to its Hcisenberg- 
mediated transfer with control assumed only on two of 
the three at the ends of spins of the chain. 

Furthermore, we have shown that our protocol can be 
combined with a protocol using a local memory to en- 



hance the fidelity beyond an already impressive value. 
We have also presented a protocol for confirmation of the 
receipt of the state at the other end. We therefore believe 
this is by far the best protocol to date for the transfer of 
a quantum state through an unmodulated spin chain. 
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